Abstract. We prove that quadratic regular algebras of global dimension three on degree-one generators are related to graded skew Clifford algebras. In particular, we prove that almost all such algebras may be constructed as a twist of either a regular graded skew Clifford algebra or of an Ore extension of a regular graded skew Clifford algebra of global dimension two. In so doing, we classify all quadratic regular algebras of global dimension three that have point scheme either a nodal cubic curve or a cuspidal cubic curve in P 2 .
Introduction
In [2] , M. Artin and W. Schelter introduced a notion of regularity for a non-commutative graded algebra on degree-one generators. To such an algebra one may associate some geometry via certain graded modules over the algebra, as discussed by M. Artin, J. Tate and M. Van den Bergh in [3] . In this spirit, one may describe such an algebra using a certain scheme (called the point scheme in [9] ) and, in [1] , M. Artin introduced the language of "quantum P 2 " for a regular algebra of global dimension three on degree-one generators. Generic quantum P 2 s were classified in [2, 3, 4] .
In [5] , a new relatively simple method was given for constructing some quadratic regular algebras of finite global dimension, and quadratic regular algebras produced with that method are called regular graded skew Clifford algebras (see Definition 1.8) . At this time, it is unclear how useful this method will be in helping resolve the open problem of classifying all quadratic regular algebras of global dimension four. A first step in this direction is to determine how useful graded skew Clifford algebras are in classifying quadratic quantum P 2 s. In this article, we prove that most quadratic quantum P 2 s may be constructed as a twist of either a regular Henceforth, let A denote a quadratic quantum P 2 . The work in this article is partitioned across sections according to the point scheme of A. Those A whose point scheme contains a line are discussed in section 1; is a nodal cubic curve in section 2; cuspidal cubic curve in section 3; and, finally, elliptic curve in section 4. Those A whose point scheme is either a nodal cubic curve or a cuspidal cubic curve in P 2 are not specifically discussed in [3] , as they are not generic. In Sections 2 and 3 of this article, we classify all such algebras (see Theorem 2.2 and Theorem 3.1). Indeed, up to isomorphism, there is at most a one-parameter family of quadratic quantum P 2 s with point scheme a nodal cubic curve, whereas there is only one such algebra with point scheme a cuspidal cubic curve.
1. Quantum P 2 s with Reducible or Non-reduced Point Scheme
Throughout the article, k denotes an algebraically closed field and k × = k \ {0}. It is well known that a quadratic regular algebra of global dimension n + 1 with point scheme given by P n is a twist, by an automorphism, of the polynomial ring on n + 1 variables (c.f., [4, Page 378] and Remark 1.4(iii)). We prove a generalization of this result in this section for certain quadratic quantum P 2 s. Precisely, we prove (Theorem 1.7) that a quadratic quantum P 2 that has a reducible or non-reduced point scheme is either a twist by an automorphism of a skew polynomial ring or is a twist, by a twisting system, of an Ore extension of a regular algebra of global dimension two. This result is restated in terms of graded skew Clifford algebras in Theorem 1.10 where char(k) = 2.
As in the Introduction, let A denote a quadratic quantum P 2 with point scheme given by a cubic divisor C ⊂ P 2 . (Here, P 2 may be identified with P(A * 1 ) where A 1 denotes the span of the homogeneous degree-one elements of A, and A * 1 denotes the vector-space dual of A 1 .)
Throughout this section, we assume that C is reducible or non-reduced, so that C is either the union of a nondegenerate conic and a line, or the union of three distinct lines, or the union of a double line and a line, or is a triple line. The automorphism encoded by the point scheme will be denoted by σ ∈ Aut(C). There are two cases to consider: either C contains a line that is invariant under σ or it does not. Both cases use the notion of twisting a graded algebra by an automorphism, which is defined in [4, §8] ; in the case of a quadratic algebra, it is defined as follows. 
, where the right-hand side is computed using the original multiplication in D.
In general, twisting by an automorphism is a reflexive and symmetric operation, but not a transitive operation; in fact, twisting an algebra D twice yields a twist of D by a twisting system, and that notion is defined in [10] .
1.1. Case 1: C contains a line invariant under σ.
Suppose L ⊂ C is a line that is invariant under σ, and let x ∈ A 1 be such that L is the zero locus, V(x), of x. By [4, Theorem 8.16(i)(ii) and Corollary 8.6], x is normal in A, and one may twist A, by an automorphism, to obtain a quadratic regular algebra B in which the image of x is central.
In the above notation, the twist B of A is an Ore extension of the polynomial ring on two variables. 
where
, and define φ ∈ Aut(B ′ ) and a left φ-derivation δ : B ′ → B ′ as follows:
where (s, t) = (1, 1) if h is given by (i) and (s, t) = (q, 0) if h is given by (ii). In both cases, 
of the elements of W , where P(V * ) is identified with P 2 . The Koszul dual D ⋆ of D is the quotient of the free algebra on V * by the ideal generated by (ii) With notation as in (i), by [3] , V(W ) is the graph of an automorphism τ of a subscheme
(iii) With notation as in (i) and (ii), if τ may be extended to an automorphism of P(V * ) = P 2 , then, since D is regular, D is a twist, by an automorphism, of the polynomial ring and
. This is because the homogeneous degree-two forms that vanish on the graph of
Lemma 1.5. Suppose C is the union of three distinct lines that are cyclically permuted by σ.
If no point lies on all three lines, then A is a twist, by an automorphism, of a skew polynomial ring.
Proof. By hypothesis, there exist linearly independent elements x, y, z ∈ A 1 such that C = V(xyz) and σ :
(ii), this implies that
A is a k-algebra on generators x, y, z with defining relations:
Define τ ∈ Aut(A) by τ (x) = λ 1 y, τ (y) = λ 2 z and τ (z) = λ 3 x, where
Twisting by τ yields a k-algebra on x, y, z with defining relations:
for some c ∈ k × , and such an algebra is a skew polynomial ring. Proof . Suppose all three lines of C intersect at only one point p = (0, 0, 1), and write
, where x, y ∈ A 1 . We may assume σ :
Since σ(p) = p, we have 
Since A is a quantum P 2 , these relations span at most a 6-dimensional space. As the first four relations span a 4-dimensional space, and the last three relations are linearly independent of the first four relations, it follows that the span of the last three relations has dimension at most two. This implies that d = f = −b, so that we may write
By Remark 1.4(iii), since C = P 2 , σ cannot be extended to P 2 , from which we obtain c = e+a.
Suppose b 2 + b + 1 = 0, and define
In order for σ and τ to commute on C, we require g and k to satisfy bg − k = a − e and g + (b + 1)k = −a − c.
Since H(t) = 1 + 3t + 3t 2 , giving that A is not a quantum P 2 , which is a contradiction. However, if char(k) = 3, then b = 1, and A is generated by x, y, z with defining relations:
In this case, A = B[z; φ, δ] where B = k x, y / x 2 + y 2 − xy and φ ∈ Aut(B) is given by φ(x) = y − x, φ(y) = −x, and δ is the left φ-derivation of B given by δ(x) = cx 2 − ayx, δ(y) = cx 2 + ey 2 . Mapping x → r 2 and y → r 1 − r 2 yields that B ∼ = k r 1 , r 2 / r 1 r 2 − r 2 r 1 − r 2 1
(since char(k) = 3), which is a regular algebra of global dimension two, so, by [6, Theorem 4.2], any algebra with the relations ( * ) is regular.
Summarizing our work in this section yields the next result. Theorem 1.7. If the point scheme of a quadratic quantum P 2 is reducible or non-reduced, then the algebra is either (a) an Ore extension of a regular algebra of global dimension two, or (b) a twist, by an automorphism, of a skew polynomial ring, or (c) a twist, by a twisting system, of an Ore extension of the polynomial ring on two variables; if char(k) = 3, then the algebra is described by (b) or (c).
Proof. Combine Corollary 1.3, Lemma 1.5 and Proposition 1.6.
If char(k) = 2, then skew polynomial rings are graded skew Clifford algebras, so, in this setting, Theorem 1.7 may be rephrased as Theorem 1.10 below. We first recall the definition of a graded skew Clifford algebra and of some terms used in its definition. For the definition, we assume char(k) = 2.
for all i, j = 1, . . . , n. Henceforth, suppose µ ii = 1 for all i, and fix µ-symmetric matrices
A graded skew Clifford algebra associated to µ and M 1 , . . . , M n is a graded k-algebra on degree-one generators x 1 , . . . , x n and on degree-two generators y 1 , . . . , y n with defining relations given by:
(M k ) ij y k for all i, j = 1, . . . , n, and (b) the existence of a normalizing sequence {r 1 , . . . , r n } of homogeneous elements of degree two that span ky 1 + · · · + ky n .
One should note that if µ ij = 1 for all i, j, and if the y k are all central in the algebra, then the algebra is a graded Clifford algebra. Moreover, polynomial rings, and skew polynomial rings, on finitely-many generators are graded skew Clifford algebras. Although graded skew
Clifford algebras need not be quadratic nor regular in general, a simple geometric criterion was established in [5, Theorem 4.2] for determining when such an algebra is quadratic and regular. We refer the reader to [5, 8] for results on graded Clifford algebras and graded skew Clifford algebras.
Example 1.9. Suppose that char(k) = 2 and that the µ ij are given as in Definition 1.8. Fix α 1 , α 2 , α 3 ∈ k and define
These µ-symmetric matrices, with values for α 1 , α 2 , α 3 and the µ ij given below, yield a regular graded skew Clifford algebra of global dimension three on generators x 1 , x 2 , x 3 with defining relations
for all distinct i, j, k, with point scheme isomorphic to a subscheme P (given below) of P 2 .
(i) α i = 0 for all i, µ 13 + µ 12 µ 23 = 0, P = P 2 ;
(ii) α i = 0 for all i, µ 13 + µ 12 µ 23 = 0, P = V(x 1 x 2 x 3 ), which is a "triangle";
3 ), which is a triple line; (iv) α 1 = 0 = α 2 = α 3 , µ 13 µ 23 = 1, µ 13 + µ 12 µ 23 = 0, P = V(((µ 13 + µ 12 µ 23 )x 1 x 2 + α 3 x 2 3 )x 3 ), which is the union of a nondegenerate conic and a line; The method to find the above values uses [5, Theorem 4.2] . For other values of the α i that yield a regular algebra, see [7] . This example highlights the wide variety of point schemes that can be obtained directly from regular graded skew Clifford algebras of global dimension three. Theorem 1.10. Suppose char(k) = 2. If the point scheme of a quadratic quantum P 2 is reducible or non-reduced, then either the algebra is a twist, by an automorphism, of a graded skew Clifford algebra, or the algebra is a twist, by a twisting system, of an Ore extension of a regular graded skew Clifford algebra of global dimension two.
Proof. This is a restatement of Theorem 1.7 in terms of graded skew Clifford algebras.
The subsequent sections of the article focus on the case where the cubic divisor C is reduced and irreducible. It is straightforward to prove that if C contains two or more singular points, then C contains a line. Thus, in the remaining sections, C has at most one singular point.
Indeed, by Lemma 2.1, C will be either a nodal cubic curve, a cuspidal cubic curve, or an elliptic curve.
Quantum P 2 s with Point Scheme a Nodal Cubic Curve
In this section, we classify those quadratic quantum P 2 s whose point scheme is a nodal cubic curve in P 2 , and prove that, up to isomorphism, there is at most a one-parameter family of Throughout this section, we use x, y and z for homogeneous degree-one linearly independent (commutative) coordinates on P 2 . Our next result shows that a nodal cubic curve and a cuspidal cubic curve are the only irreducible cubic divisors in P 2 with a unique singular point;
for lack of a suitable reference, we include its simple proof.
Lemma 2.1. Let C denote an irreducible cubic divisor in P 2 with a unique singular point.
Proof. By rechoosing x, y and z if needed, we may assume that V(x, y) is the unique singular point on C and that C = V(f ), where f = s 1 + s 2 xz, where
s 2 ∈ {x, y} and α i ∈ k for all i. Moreover, if s 2 = y, then α 1 = 0, as C is irreducible.
If s 2 = y, then f → x 3 +y 3 +xyz by mapping x → β −1 x, y → y and z → βz −α 2 β −1 x−α 3 y, where β ∈ k is any solution of the equation
On the other hand, suppose s 2 = x. If char(k) = 3, then f → y 3 + x 2 z by mapping x → x, y → y − ( In Lemma 2.1, if C is given by (a), we refer to C as a nodal cubic curve; otherwise, we refer to C as a cuspidal cubic curve. For the rest of this section, C denotes a nodal cubic curve.
In order to classify those quadratic quantum P 2 whose point scheme is given by a nodal cubic curve C in P 2 , we will classify all such algebras whose defining relations vanish on the graph of an automorphism of C (see Remark 1.4(ii)).
Theorem 2.2. Let A denote a quadratic quantum P 2 . If the point scheme of A is a nodal cubic curve in P 2 , then A is isomorphic to a quadratic algebra on three generators x 1 , x 2 , x 3 with defining relations:
where λ ∈ k and λ(λ 3 − 1) = 0. Moreover, for any such λ, any quadratic algebra with these defining relations is a quadratic quantum P 2 with point scheme given by a nodal cubic curve in P 2 .
Proof . By Lemma 2.1, we may write C = V(x 3 + y 3 + xyz) for the nodal cubic curve. It follows that
and the unique singular point of C is p = (0, 0, 1). Thus if σ ∈ Aut(C), then
for all a ∈ k, where f is a rational function of one variable. Since σ is invertible, f is also, so
, where λ i ∈ k for all i. However, σ(p) = p implies that f (0) = 0, and the domain of f is k, so λ 2 = 0 = λ 3 . Thus, there exists λ ∈ k × such that f (a) = λa for all a ∈ k. It follows that
for all a ∈ k. Since σ may be extended to P 2 if λ 3 = 1, by Remark 1.4(iii), we may assume
Let {x 1 , x 2 , x 3 } be a basis for A 1 , let {z 1 , z 2 , z 3 } be the dual basis for A * 1 , and let W and W ⊥ be as in Remark 1.4(i). We may produce some elements of W ⊥ from the graph of σ as follows. Firstly, suppose that char(k) = 3 and fix ω ∈ k such that ω 2 − ω + 1 = 0. This yields the following six elements in W ⊥ corresponding to the given distinct values of a:
Taking linear combinations of these six elements yields the following basis for W ⊥ :
It follows that W is the span of the elements:
if char(k) = 3. Moreover, these three linearly independent elements vanish on the graph of σ even if char(k) = 3, so W is the span of these three elements even in this case. Furthermore, since λ(λ 3 −1) = 0, we may map
to the algebra in the statement of the theorem.
If λ ∈ k where λ(λ 3 − 1) = 0, then an algebra with the given relations is an Ore extension B[x 3 ; φ, δ] of the algebra B = k x 1 , x 2 / λx 1 x 2 − x 2 x 1 using φ ∈ Aut(B) and δ a left φ-derivation of B where
Since B is a regular algebra of global dimension two, it follows, by [6, Theorem 4.2] , that such an Ore extension of B is a regular algebra of global dimension three.
The point scheme of the algebra with the defining relations in the theorem is given by
, which is indeed a nodal cubic curve. Proof. Let S denote the quadratic algebra on generators z 1 , z 2 and z 3 with defining relations
If λ 3 = −1, then the set X = {z 3. Quantum P 2 s with Point Scheme a Cuspidal Cubic Curve
In this section, we prove that, up to isomorphism, there is a unique quadratic quantum P 2 whose point scheme is a cuspidal cubic curve in Pexists if and only if char(k) = 3. We also prove in Corollary 3.2 that, if char(k) = 2, then such an algebra is an Ore extension of a regular graded skew Clifford algebra of global dimension two.
As in Section 2, we continue to use x, y and z for homogeneous degree-one linearly independent (commutative) coordinates on P 2 . By Lemma 2.1, we may assume that the cuspidal cubic curve is given by C = V(y 3 + x 2 z) or C = V(y 3 + x 2 z + xy 2 ), with the second case occurring only if char(k) = 3.
Theorem 3.1. Let A denote a quadratic quantum P 2 . If char(k) = 3, then the point scheme of A is not a cuspidal cubic curve in P 2 . If char(k) = 3 and if the point scheme of A is a cuspidal cubic curve in P 2 , then A is isomorphic to a quadratic algebra on three generators x 1 , x 2 , x 3 with defining relations:
Moreover, any quadratic algebra with these defining relations is a quadratic quantum P 2 ; it has point scheme given by a cuspidal cubic curve in P 2 if and only if char(k) = 3.
Proof. Suppose first that the cuspidal cubic curve is C = V(y 3 + x 2 z). It follows that
and that the unique singular point of C is p = (0, 0, 1). Thus, if σ ∈ Aut(C), then σ(p) = p and
for all b ∈ k, where f is a rational function of one variable. Since σ is invertible, f is also,
, where λ i ∈ k for all i. However, the domain of f is k, so λ 3 = 0 and λ 1 , λ 4 ∈ k × . Writing the points of C in the form (a 3 , a
and rechoosing the λ i , we may write
(since char(k) = 3). If λ 1 = 1, then A is the algebra given in the statement of the theorem, where {x 1 , x 2 , x 3 } is the dual basis to {z 1 , z 2 , z 3 }.
To prove the relations in the statement determine a regular algebra, we write the algebra as an Ore extension of the regular algebra B = k x 1 , x 2 / x 1 x 2 − x 2 x 1 − x 2 1 using φ ∈ Aut(B) and δ a left φ-derivation of B where
It follows, from [6, Theorem 4.2] , that such an Ore extension of B is a regular algebra of global dimension three. The point scheme of such an Ore extension is given by V(3(y 3 + x 2 z)), which is a cuspidal cubic curve if and only if char(k) = 3.
By Lemma 2.1, we henceforth assume C = V(y 3 + x 2 z + xy 2 ) and char(k) = 3. It follows
and that the unique singular point of C is p = (0, 0, 1). In this setting, if σ ∈ Aut(C), then σ(p) = p and
for all b ∈ k, where f is a rational function of one variable. As before, the invertibility of σ implies that f is invertible, and that f (b) = (λ 1 b + λ 2 )/(λ 3 b + λ 4 ), where λ i ∈ k for all i.
Since the domain of f is k, λ 3 = 0 and λ 1 , λ 4 ∈ k × . Thus, writing the points of C in the form
for all (a, b) ∈ P 1 , where λ 1 ∈ k × and λ 2 ∈ k. By Remark 1.4(iii), we further assume that λ 1 = 1, since λ 1 = 1 if and only if σ may be extended to P 2 (since char(k) = 3).
Using the notation in the proof of Theorem 3.1, and using x 1 , x 2 , x 3 as generators for A, and by seeking homogeneous degree-two elements that vanish on the graph of σ, we find that a basis for W is:
Since λ 1 (λ 1 − 1) = 0, it follows that the Hilbert series of A is H(t) = 1 + 3t + 6t 2 + 9t 3 + · · · , which contradicts A being a quadratic quantum P 2 .
Corollary 3.2. If char(k) = 2, then the algebra in Theorem 3.1 is an Ore extension of a regular graded skew Clifford algebra.
Proof . By [2, Page 207] , there are at most two regular algebras of type H (up to isomorphism) and they are given by k-algebras on generators x, y, z with defining relations:
where i is a primitive fourth root of unity. In the following result, such an algebra is denoted H; its point scheme is an elliptic curve unless char(k) = 2. axy + byx + cz 2 = 0, ayz + bzy + cx 2 = 0, azx + bxz + cy 2 = 0, (
